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Ultrasonic monitoring of concentrated suspensions and emulsions is limited in concentration range
due to the inaccuracy of the multiple scattering models currently used to interpret measurements.
This paper presents the development of a model for the additional multiple scattering caused by
mode conversion to/from thermal waves. These effects are believed to cause significant deviation
from established models for emulsions at high concentration, or small particle size, at low fre-
quency. The relevant additional scattering coefficients (transition factors) are developed, in numeri-
cal and analytical form, together with the modification to the effective wavenumber. Calculations
have been carried out for a bromohexadecane-in-water emulsion to demonstrate the frequency-
dependence of the scattering coefficients, and the effective speed and attenuation.
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I. INTRODUCTION
Ultrasonic monitoring is a well-established non-destructive
technique for both solid components (e.g., aerospace compo-
nents, pipelines, etc.) and fluid systems (suspensions, emul-
sions, etc.). Low-power ultrasound lends itself to application as
an in-line monitoring technique for particulate fluid systems,
since it can be used in opaque materials, where light scattering
techniques must rely on sample dilution for their success.
Potential applications can be found in a multitude of industries
ranging from food, healthcare, chemical, pharmaceutical, etc.
The technique can be used for the measurement of concentra-
tion and particle size,1–3 and for monitoring processes such as
creaming, flocculation, and crystallization.4–7 Typically, meas-
urements are made in through-transmission mode using com-
pressional ultrasonic waves in the MHz frequency range, to
obtain the attenuation spectrum in the material.
For ultrasonics to be used successfully, an accurate
model must be adopted for interpreting the measured data in
terms of concentration or particle size information. The cur-
rent work focuses on scattering models; other types of mod-
els are available, such as effective medium models, self-
consistent models, ensemble-average models, and homogeni-
zation schemes, but these tend to be more commonly applied
to solid systems, such as composite materials (reviewed in
Pinfield et al.8). However, existing scattering models have
been demonstrated to be limited in the range of concentra-
tion and particle size to which they can be applied; high
concentrations or small particles cause inaccuracies in the
models.9–14 For an aqueous suspension the maximum
concentration for traditional models is around 15%v/v for
1 micron diameter particles at 5MHz.
Existing scattering models are based on two components: a
model for scattering by a single particle and a multiple scattering
model for a many-particle system. The methodology of Epstein
and Carhart15 and Allegra and Hawley16 is used for the former,
together with the Lloyd and Berry17 multiple scattering model;
these are summarized by Challis et al.1 However, the problem
with existing models is the neglect of the multi-mode scattering
contribution. When a compressional ultrasonic wave is scattered
by a single particle, both thermal and shear waves are produced
in addition to scattered compressional waves. These two wave
modes decay in a very short distance (microns) from the particle
surface; hence the long-standing multiple scattering models
neglected their effect on neighboring particles. It was assumed
that the thermal and shear mode represented energy “lost” from
the traveling compressional wave. However, when particles are
close together (high concentration), the thermal/shear modes
scattered by one particle may have a significant effect on neigh-
boring particles, being re-scattered and thereby contributing to
the scattered compressional wave. Experimental data in both
suspensions and emulsions have demonstrated that the standard
multiple scattering model does not correctly predict the attenua-
tion spectrum for small particles, low frequencies, and at high
concentrations.9–14 The neglect of the multi-mode scattering
contribution is believed to be the reason, and thus causes a sig-
nificant constraint on the use of ultrasonics as a process analyti-
cal technology.
There have been a variety of attempts made to account
for the effects of multi-mode scattering, with varied success.
Thermal effects were included through an analytical modifica-
tion to the scattering coefficient by Hemar et al.10 and
McClements et al.11 based on a formulation on thermody-
namic principles by Isakovich.18 However, their solution is
only applicable in the very long wavelength region, where the
scattering coefficient can be approximated by a simplified an-
alytical form. A combined scattering and effective medium
approach, was developed by Hipp et al.,9,19 using a core-shell
description in which each particle was considered to exist
within a “shell” of continuous phase material, surrounded by
a medium with effective properties. This model has been
demonstrated to be successful in predicting ultrasonic attenua-
tion in both emulsions and suspensions. It is, however,
numerically complex and potentially unstable and does not
lend itself to implementation in instrumentation.
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Recently, Hazlehurst et al.20 have studied the two-
particle scattering problem, incorporating the interaction of
both compressional and thermal wave fields with both par-
ticles, following the method of Gaunaurd,21 together with a
perturbation expansion technique for obtaining the scattering
coefficients22,23 The model incorporates the effects of ther-
mal waves produced by scattering of the compressional inci-
dent wave at one particle, on a neighboring particle. The
solution has the potential to be used for modeling the attenu-
ation in an emulsion, by treating the many-particle problem
as a system of many paired-particles. The determination of
attenuation from the model has yet to be reported.
In 2012, Luppe et al.24 published a new formulation for
multiple scattering using the methodology of Fikioris and
Waterman.25 Luppe’s formulation accounts for the effects of
multi-mode scattering, including, for the first time, a coher-
ent wave in all three wave modes, whatever the incident
wave mode. The outcome of the work was an equation for
the effective wavenumber in terms of infinite sums over scat-
tering coefficients for conversions between any wave mode.
In order to apply the modified multiple scattering model to
ultrasonic monitoring, it is necessary to determine which of the
additional terms make a significant contribution to effective
speed and attenuation in an emulsion or suspension, and to
evaluate the required scattering coefficients. In the work
reported here, the modified multiple scattering model24 is
applied to emulsions, in which thermal waves are the significant
loss mechanism. The additional contributions to the effective
wavenumber are extracted from the Luppe model, and the new
scattering coefficients (for compressional to thermal wave con-
version and vice versa) are derived. Calculations are presented
for a bromohexadecane-in-water emulsion, to demonstrate the
contributions to effective wavenumber, speed, and attenuation
as a function of frequency, radius, and concentration.
II. THE MODELS
A. Multiple scattering
Luppe et al.24 expand their result for the effective wave-
number as a series in concentration, terming this the “low
concentration expansion” [Sec. V A, Eqs. (29)–(32) of Ref.
24]. For compressional wave mode propagation
K21 ¼ k21 þ eyð1Þ1 þ e2yð2Þ1 ; (1)
where k denotes the wavenumber of the continuous phase
and K the effective wavenumber of the suspension. The nu-
merical subscript denotes the wave mode, which in this
equation takes the value 1 to represent the compressional
mode. In later equations, the wave mode index can take the
value 1, 2, or 3 for compressional, shear, and thermal wave
modes respectively. The parameter e ¼ 3i/=ðpa3Þ, where
/ is volume fraction and a is the particle radius, is related to
the number density of particles in the suspension, N by
e ¼ 4iN. The first-order contribution (for the compres-
sional wave mode)24 is given by
y 1
ð Þ
1 ¼
p
k1
X1
n¼0
2nþ 1ð ÞT11n ; (2)
where Tpqn are the transition factors which encapsulate the
scattering process and mode conversion at a single particle,
for each Rayleigh partial wave order n, for a scattered wave of
mode q produced by an incident wave of mode p. In this equa-
tion, the relevant transition factors include only incident and
scattered waves of the compressional mode, so p¼ q¼ 1. The
transition operator TpqðrjÞ defines the field produced by scat-
tering at a single particle due to an incident wave as follows:
uðqÞS ðr; rjÞ ¼ TpqðrjÞuðpÞE ðr; rjÞ; (3)
where uðqÞS ðr; rjÞ is the potential of the scattered wave field of
mode q at location r produced by a scatterer at rj due to an excit-
ing field of mode p with the potential uðpÞE ðr; rjÞ. The transition
factor can then be expressed by defining the incident wave field
in terms of the Rayleigh partial wave expansions so that the tran-
sition operator acts on each partial wave order n thus
TpqðrjÞjnðkprjÞPnðcos hÞ ¼ Tpqn hnðkqrjÞPnðcos hÞ; (4)
where jnðkrjÞ and hð1Þn ðkrjÞ are the spherical Bessel and
Hankel functions (of the first kind throughout), respectively
and Pnðcos hÞ are the Legendre polynomials.
The second-order contribution [Eq. (1)], for the com-
pressional mode24 is
y 2
ð Þ
1 ¼ M 1ð Þ11 þ
X
q 6¼1
M 0
ð Þ
1q M
0ð Þ
q1
k21  k2q
  ; (5)
where
M 0ð Þqp ¼
pffiffiffiffiffiffiffiffi
kpkq
p X1
n¼0
2nþ 1ð ÞTqpn ; (6)
M 1ð Þpp ¼
p
kp
X3
q¼1
X1
n¼0
X1
¼0
1ð Þnþ 2nþ 1ð Þ 2 þ 1ð Þ
 Tqpn Q qð Þn kpð ÞTpq : (7)
Luppe et al.24 also present two expressions for Q
ðqÞ
n ðkpÞ, one
for p ¼ q and the other for p 6¼ q. Only the latter condition is
required in this paper, so that
Q
qð Þ
n kpð Þ ¼
ipb
k2p  k2q
  1ð Þnþ i
kqb
þ
X1
l¼0
G 0; ; 0; n; lð Þ
(
 kpbj0l kpbð Þhl kqbð Þ  kqbjl kpbð Þh0l kqbð Þ
 
;
(8)
where b is the radius of the excluded volume around a single
particle. For hard spheres, b  2a; where a is the particle ra-
dius. The subscripts and indices n and  denote partial wave
orders, Gð0; ; 0; n; lÞ are the Gaunt coefficients defined by
Pmn ðcos hÞPlðcos hÞ ¼
X1
l¼0
Gðm; n; l; ; lÞPmþll ðcos hÞ:
There is no summation over repeated indices in these expres-
sions. This set of equations (from Luppe et al.24) forms the
basis for the evaluation of the effective compressional
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wavenumber for a suspension, considering particularly the
additional effects due to thermo-elastic multiple scattering.
B. Thermo-elastic multiple scattering
The development now focuses on the effective wavenum-
ber for the compressional mode, identifying those terms in the
above equations which relate to conversion between compres-
sional and thermal modes and vice versa. At this point, a
change of notation is convenient; compressional and thermal
modes will be denoted by C and T, respectively, rather than
by numerical indices p and q in the above equations. Thus the
wavenumbers are written as kC and kT for compressional and
thermal wavenumbers, respectively, which are given by
kC ¼ x=cþ ia kT ¼ ðx=2rÞ1=2ð1þ iÞ; (9)
where x is the angular frequency, c is the speed of the com-
pressional wave, a is the attenuation, r is the thermal diffusiv-
ity. The transition factors for the scattered compressional field
produced by an incident compressional wave become TCCn for
partial wave order n. Transition factors for the relevant mode
converting scattering events are TCTn for an incident compres-
sional wave, producing a scattered thermal wave, and TTCn for
an incident thermal wave, producing a scattered compres-
sional wave, each for partial wave order n.
The effective wavenumber is obtained under the follow-
ing assumptions:
(1) The compressional wavelength is much longer than the
particle radius; thus only partial wave orders of zero and
one need be retained in the effective wavenumber.
(2) The only significant scattered thermal wave amplitude
produced from an incident compressional wave field
occurs for a partial wave order of zero.
(3) The scattering of a planar thermal wave by a particle
produces a scattered compressional wave field which is
dominated by the zero partial wave order.
(4) All shear-elastic multiple scattering contributions to the
effective wavenumber are neglected. This refers only to
the additional contributions from mode conversion from
compressional to shear wave modes and back to the
compressional wave mode.
No assumption is made regarding the magnitude of the
thermal wavelength relative to the particle radius. Assumption
(2) is supported by previous investigations into the effects of
thermal scattering which demonstrate that it is predominantly
incorporated in the zero-order coefficient for an incident com-
pressional wave.1,26 However, assumption (3) relates to the
scattering of an incident thermal wave, a problem which has
not previously been studied. The use of only the zero-order
coefficient for the scattered compressional wave is based on
the dominance of the zero order in the converse scattering
case (incident compressional mode, scattered thermal mode)
since the boundary conditions in both cases differ only in the
incident field. Rigorous validation of this assumption will,
however, require further investigation. This study establishes
the leading order terms in the additional thermo-elastic scat-
tering which arise from the zero-order partial wave in both
cases. Assumption (4) relates only to the neglect of multi-
mode scattering contributions from shear waves; shear waves
produced by scattering the incident compressional wave, are
assumed to decay before they reach neighboring particles.
The contribution to the effective wavenumber from conver-
sion of the compressional incident wave into shear waves is,
however, included. This is consistent with the original
assumptions of the multiple scattering model of Lloyd and
Berry.17 The assumption (4) is justified in stable emulsions in
which the densities of the two phases are similar, so that the
amplitude of scattered shear waves is small, and unlikely to
influence neighboring particles significantly.
The effective wavenumber of the compressional mode
using the equations stated above gives
K2C
k2C
¼ 1 3i/
kCað Þ3
TCC0 þ 3TCC1 þ  
  27/2
kCað Þ6
 TCC0 TCC1 þ 2TCC1 TCC1 þ  
 þDCT K2C
k2C
 !
; (10)
where DCTðK2C=k2CÞ represents the additional terms in the
second order in concentration, relating to the multiple scat-
tering contributions from compressional-thermal mode con-
version and back again. All other terms are identical to the
Lloyd/Berry expansion.17
Applying the stated assumptions to Eqs. (1), (5)–(8),
means that only zero-order coefficients for compressional-
thermal conversions are retained. Using DCTðvÞ to represent the
additional terms in the function or parameter v which arise
from the compressional-thermal mode-conversion terms, gives
DCT y
2ð Þ
1
 
¼ DCT M 1ð ÞCC
 
þ M
0ð Þ
CTM
0ð Þ
TC
k2C  k2T
  ; (11)
with
M 0
ð Þ
CT ¼
pffiffiffiffiffiffiffiffiffi
kCkT
p TCT0 ; M 0ð ÞTC ¼
pffiffiffiffiffiffiffiffiffi
kCkT
p TTC0 (12)
and
DCT M
1ð Þ
CC
 
¼ p
kC
TTC0
Q
Tð Þ
00 kCð ÞTCT0 (13)
with
Q
Tð Þ
00 kCð Þ ¼
ipb
k2C  k2T
 	 i
kTb
þ kCbj00 kCbð Þh0 kTbð Þ

 kTbj0 kCbð Þh00 kTbð Þ


; (14)
since only the l¼ 0 term remains in the summation, and the
Gaunt coefficient is unity.
Some simplification results from substitution of Eqs.
(12)–(14) into Eq. (11) leaving
DCT y
2ð Þ
1
 
¼ ip
2b
kC k2C  k2T
  kCbj00 kCbð Þh0 kTbð Þ
 kTbj0 kCbð Þh00 kTbð Þ  TCT0 TTC0 : (15)
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Therefore, the additional terms in the effective wavenumber
due to compressional-thermal cross-scattering contributions
can be expressed, using Eq. (1), as
DCT
K2C
k2C
 !
¼  27/
2
kCað Þ6
 k
3
C ikTbð Þ
3kT k2C  k2T
 
 kCbj00 kCbð Þh0 kTbð Þ

 kTbj0 kCbð Þh00 kTbð ÞTCT0 TTC0 : (16)
This result should be used in conjunction with Eq. (10) to
obtain the full effective wavenumber.
When the compressional wavelength is much larger
than the particle radius (and indeed the radius of the
excluded volume b), i.e., jkCbj  1, the expression can be
simplified to give
DCT
K2C
k2C
 !
¼  27/
2
kCað Þ6
 k
3
C ið Þ kTbð Þ2h00 kTbð Þ
3kT k2C  k2T
  TCT0 TTC0 :
(17)
This equation defines the dominant contribution to the effec-
tive wavenumber from compressional-thermal multi-mode
scattering. For the calculations reported here, the radius of
the exclusion volume is taken to be twice the particle radius,
i.e., b ¼ 2a.
C. Transition factors
In order to calculate the magnitude of the additional
terms in the effective wavenumber, it is necessary to obtain
the transition factors (often called scattering coefficients) for
the compressional-thermal mode conversion and vice versa.
The transition factor TCT0 , can be obtained directly from the
Epstein-Carhart/Allegra-Hawley formulation15,16 for an inci-
dent compressional wave, being equivalent to the coefficient
denoted B0. This coefficient has not previously been used in
multiple scattering calculations, so its dependence on the
various wavenumber-radius products has been investigated
in this study. The boundary matrix equation was solved
using the symbolic software Maple
VR
(MapleSoft) to obtain
the transition factor. The original four boundary equations
were simplified to a set of three equations by using the
approximations introduced by Epstein and Carhart,15 in their
Appendix A, applying the conditions jk2C=k2T j  1 and
jCC=CT j  1 (valid in water up to 100GHz). CC and CT
are the thermal factors16 defining the relationship between
the wave potential, w, and the temperature, T, i.e., T ¼ Cw.
An analytical solution for B0 (¼TCT0 ) has been obtained fol-
lowing the method of Pinfield26 [Eqs. (58)–(61) of Ref. 26]
by separating non-thermal and thermal parts of the boundary
equations. The solution for TCT0 was then expressed as a se-
ries expansion in ðkcaÞ; which is valid in the long compres-
sional wavelength region jkcaj  1. The leading order
term is
TCT0 	 
1
h0 kTað Þ
CC
CT
1 C
0
Cq
CCq0
 
 1 s
s0
kTað Þ
k0Tað Þ
h00 kTað Þ
h0 kTað Þ
j0 k
0
Tað Þ
j00 k0Tað Þ
" #1
; (18)
where prime denotes the dispersed phase and unprimed
quantities the continuous phase. Note that prime on the
Bessel and Hankel functions represents the derivative. In the
long compressional wavelength region, the thermal factors
are approximated by27
CC 	 c 1ð Þbr
k2C
k2T
; CT 	  1br : (19)
Thus the transition factor TCT0 is of order ðkcaÞ2 through the
thermal factor ratio CC=CT . Its dependence on the thermal
wavenumber-radius product is defined through the Bessel
functions and their derivatives.
The second transition factor, TTC0 , represents the scatter-
ing of a thermal incident wave, producing a scattered com-
pressional wave. The problem of scattering of a thermal
wave by a single sphere has not previously been addressed,
to the author’s knowledge. However, it is identical in form
to the compressional wave scattering solution derived by
Epstein-Carhart15/Allegra-Hawley,16 with the replacement
of the incident compressional plane wave by a thermal plane
wave defined by the scalar wave potential:
/incT ¼
X1
n¼0
inð2nþ 1ÞjnðkTrÞPnðcos hÞ:
The boundary condition matrix equation is identical in form,
with only the right hand side (the incident wave components)
replaced by the corresponding thermal wave terms. Equation
(9) of Challis et al.1 (with a corrected minus sign) can be re-
expressed to give
MAH4
ATn
CTn
A0Tn
C0Tn
BTn
B0Tn
0
BBBBBBBBBB@
1
CCCCCCCCCCA
¼ 
kTa  j 0nðkTaÞ
jnðkTaÞ
g½ðk2Sa2  2k2Ta2ÞjnðkTaÞ  2k2Ta2j 00n ðkTaÞ
g½kTa  j 0nðkTaÞ  jnðkTaÞ
CTjnðkTaÞ
sCTkTaj 0nðkTaÞ
0
BBBBBBBBB@
1
CCCCCCCCCA
; (20)
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where the boundary condition matrix MAH4 can be found in
the Appendix of Challis et al.,28 or from Refs. 15 and 16.
The scattering coefficients for the incident thermal wave
have been denoted by a superscript T with ATn , B
T
n ; and C
T
n
now representing the amplitudes of scattered compressional,
thermal, and shear waves, respectively, with primed coeffi-
cients denoting waves inside the particle. The transition fac-
tor TTC0 ¼AT0 . For the zero partial wave order, no shear wave
modes contribute, and the problem reduces to a 4 4 matrix
equation. This matrix equation has been solved analytically
in Maple for the TTC0 , which was then expanded as a series in
ðkcaÞ to obtain the leading term
TTC0 	 i kCað Þ kTað Þj00 kTað Þ 1
sCT
s0C0T
 
 1 h
0
0 kTað Þ
h0 kTað Þ
j0 kTað Þ
j00 kTað Þ
 
 1 s
s0
kTað Þ
k0Tað Þ
h00 kTað Þ
h0 kTað Þ
j0 k
0
Tað Þ
j00 k0Tað Þ
" #1
; (21)
which is of order kCa. All other terms are functions of kTa.
D. Scaling of transition factors
It has been previously established that scaling of the
scattered wave potentials improves the stability of the nu-
merical matrix solution.26 If the scaling method is applied,
then the scattering coefficients obtained take the form
TCT0scaled ¼ TCT0  h0ðkTaÞ; (22)
TTC0scaled ¼
TTC0
j0 kTað Þ : (23)
It can be seen, by comparison with Eqs. (18)–(21), that
this scaling incorporates some of the dominant dependence
on ðkTaÞ in a convenient manner. Its benefit is in numerical
stabilization, but it also removes much of the oscillatory
nature of the transition factors, so that their remaining de-
pendence on ðkTaÞ can be more clearly identified on the
plots.
In this section, the equations have been presented which
permit the calculation of the additional contributions to the
effective wavenumber of a compressional wavenumber due
to compressional-thermal wave multiple scattering. The
extra terms in the effective wavenumber were presented in
Eq. (17) [with Eq. (10)]. The transition factors can be calcu-
lated using the numerical solution of the boundary equations,
or using the analytical results [Eqs. (18) and (21)] in the long
compressional wavelength region jkcaj  1.
III. RESULTS OF CALCULATIONS
Calculations of the thermo-elastic multiple scattering
contributions have been carried out using MATLAB
VR
, for a sys-
tem of bromohexadecane in water, with a particle radius of
0.1 lm at 25 
C, over a frequency range 0.01–100MHz. The
physical properties used in the calculations are specified in
Table I. The system was chosen because of the close density
match between the two fluids; this reduces the dipole scatter-
ing which produces shear waves, so that the neglect of the
reconversion of scattered shear waves to compressional
waves is valid. The compressional wave scattering coeffi-
cients TCCn were included up to order 1, inclusive, so that
both monopole and dipole terms were accounted for. The
speed and attenuation for coherent compressional waves
through the emulsion are related to the effective compres-
sional wavenumber by
KC ¼ x
ceff
þ iaeff : (24)
A. Transition factors (scattering coefficients)
The real and imaginary parts of the two relevant transi-
tion factors are shown in Fig. 1. The variation of the transi-
tion factors with frequency and radius is a combination of
terms dependent on kCa and kTa. The series expansion in
kCa showed that the dominant effect of compressional wave-
number is through the factor ðkCaÞ2 in TCT0 [Eq. (18)] and the
factor kCa in T
TC
0 [Eq. (21)]. These factors have been
removed in the plotted (scaled) transition factors to show the
remaining dependence on the thermal wavenumber-radius
product kTa (Fig. 1). The scaling presented in Sec. II D has
also been applied. At the highest frequency (100 MHz),
ReðkcaÞ ¼ 0:04, so the condition jkcaj  1 is satisfied over
the entire frequency range, justifying the use of only the
leading terms in a series expansion in kCa. In order to show
results over such a wide frequency range, a logarithmic scale
was used, but this necessitated the use of the negative of the
coefficients in some cases, defined in the figure caption. The
imaginary part of the scaled TTC0 also changes sign at around
ReðkTaÞ 	 0:1, so the plot has been split, as defined in the
caption.
For each of the (scaled) transition factors, both real and
imaginary parts show a change of gradient near the condition
ReðkTaÞ 	 1. This is particularly notable for the compres-
sional incident wave transition factor. It has been demon-
strated previously that the condition ReðkTaÞ 	 1
corresponds to the region in which a significant change in
effective speed of a compressional wave occurs, and where
the effective attenuation (per wavelength) reaches a maxi-
mum.11 The plots also show excellent agreement between
the analytical solutions [Eqs. (18) and (21)] and the numeri-
cal solution of the boundary equations.
TABLE I. Physical properties of bromohexadecane (Ref. 28) and water
(Ref. 12) at 25 
C, after Chen (Ref. 30).
Water Bromohexadecane
Sound velocity/m s1 1497 1299.4
Density/kg m3 997 1000
Shear viscosity/Pa s 0.00088 0.00663
Thermal conductivity/J m1s1K1 0.611 0.141
Heat Capacity Cp/J kg
1 K1 4177.0 2090.8
Expansivity/K1 0.00026 0.000775
Attenuation factor /Np m1MHz2 0.025 0.145
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B. Effective wavenumber
The contribution of the additional multiple scattering
terms due to thermal mode reconversion can be illustrated
through the parameter DCTðK2C=k2CÞ, see Eq. (17); it can be
compared with a value of unity for K2C=k
2
C in the limit of
zero volume fraction. The real part of DCTðK2C=k2CÞ predomi-
nantly influences the effective speed, whereas the imaginary
part predominantly contributes to the attenuation. The fac-
tors of kCa which appeared in the transition factors [Eqs.
(18) and (21)] do in fact cancel with corresponding terms in
the effective wavenumber expression [Eq. (17)], given that
k2C  k2T . Therefore DCTðK2C=k2CÞ is purely a function of kTa
as long as jkcaj  1. This was confirmed by calculations
using a different particle radius (0.5lm) which showed that
the curves were identical when plotted against kTa.
Therefore, the real and imaginary parts of the parameter
DCTðK2C=k2CÞ have been plotted against ReðkTaÞ in Fig. 2.
At low frequency (small kTa), the real part of
DCTðK2C=k2CÞ approaches a constant negative value, but varies
strongly over a fairly broad range of frequency, becoming
positive (but very small) around ReðkTaÞ 	 1 and decaying
to zero at high frequencies. The imaginary part is negative
and approaches zero at both low and high frequency limits.
It has a peak magnitude near the condition ReðkTaÞ 	 1.
C. Effective speed and attenuation
Having determined the contribution to effective wave-
number, the influence of the additional scattering terms on
the effective speed and attenuation can now be investigated.
The change in effective attenuation and speed can be related
to DCTðK2C=k2CÞ through the approximate expressions
DCT ceffð Þ
ceff
	 Re DCT K2C=k2C
  
; (25)
DCT aeffð Þ ¼ xceff
2c2
Im DCT K
2
C=k
2
C
  
: (26)
Thus, since DCTðK2C=k2CÞ is a function of kTa, and the effec-
tive speed (due to other scattering contributions) is also only
a function of kTa, then the change in effective speed should
also be a function of kTa. However, the change in attenuation
has an additional factor of frequency in the expression,
which implies that the attenuation cannot be expressed as a
function of kTa only. Hence, the effective speed and attenua-
tion have been plotted as a function of frequency in Fig. 3,
both with and without the additional thermo-elastic scatter-
ing contributions. Although both the effective speed and
attenuation are modified by the new multiple scattering
effects at low frequencies, both also approach the previous
values (without the additional thermo-elastic scattering) at
high frequencies.
In the low frequency limit, the effective speed tends to a
value which is independent of frequency, and this value is
increased by the additional thermo-elastic scattering terms.
The shift corresponds to the real part of DCTðK2C=k2CÞ seen in
Fig. 2 [see Eq. (25)]. The low frequency limit of the effective
speed includes a significant reduction in speed due to ther-
mal scattering; the inclusion, therefore, of reconversion of
these thermal waves back to compressional waves, decreases
this contribution and thus increases the speed at low fre-
quency. Above ReðkTaÞ 	 1, the effective speed approaches
FIG. 1. The real and imaginary parts of the scaled transition factors as a
function of the real part of the thermal wavenumber-radius product ReðkTaÞ
for a 0.1lm radius bromohexadecane particle in water at 25 
C (a) The
compressional-thermal conversion, log10½RefTCT0  h0ðkTaÞg=fReðkCaÞg2
and log10½ImfTCT0  h0ðkTaÞg=fReðkCaÞg2 and (b) The thermal-
compressional conversion, log10½RefTTC0 =½j0ðkTaÞg=fReðkCaÞg, and
log10½ImfTTC0 =j0ðkTaÞg=fReðkCaÞg (to the left of the break in the curve)
and log10½ImfTTC0 =j0ðkTaÞg=fReðkCaÞg to the right of the break. In each
plot, the analytical solutions for small ðkCaÞ [Eqs. (18) and (21)] are shown
by symbols (real part by circles, imaginary part by triangles), and the numer-
ical solution of the boundary matrix equation is shown by lines (solid line
for real part, dashed line for imaginary part).
FIG. 2. The real and imaginary parts of the additional contribution to the
effective wavenumber due to thermo-elastic multiple scattering, expressed
as DCTðK2C=k2CÞ [see Eq. (17)] as a function of ReðkTaÞ for a 30%v/v bromo-
hexadecane-in-water emulsion with particle radius of 0.1lm at 25 
C. The
solid line is the real part, and the dashed line the imaginary part.
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that obtained without the additional multiple scattering
contributions.
Figure 3 shows that the effective attenuation is reduced
by the additional thermo-elastic multiple scattering contribu-
tions, although the effect is much less as the frequency
increases. The energy which was lost in thermal waves has
been retrieved for the compressional wave mode, so that the
net energy loss of the compressional wave is lower. Further
illumination can be obtained by plotting the reduction in the
attenuation caused by the additional thermo-elastic scatter-
ing effects (Fig. 4). This has been plotted as a function of
ReðkTaÞ to illustrate that the greatest reduction in attenuation
is near the condition ReðkTaÞ 	 1, and in fact the reduction
in attenuation decreases either side of this condition. In fact,
the peak occurs here at ReðkTaÞ ¼ 1:4 (at a frequency of
8.9MHz for a particle radius of 0.1 lm), where the thermal
wavelength is just over twice the particle diameter. At lower
concentrations (10%v/v and 20%v/v), the peak (in the reduc-
tion in attenuation) still occurs at the same condition
ReðkTaÞ 	 1, but the reduction is lower over the entire
frequency range. In addition, calculations using a larger par-
ticle radius (0.5 lm), with concentration 30%v/v, had a peak
at the same condition ReðkTaÞ ¼ 1:4, but with a smaller
magnitude over the entire frequency range. Hence the reduc-
tion in attenuation is greatest at the condition ReðkTaÞ 	 1:4,
but the magnitude of the reduction in attenuation over all fre-
quencies is higher at higher concentrations, and smaller par-
ticle radius.
There are two factors involved in the reduction in
attenuation—first, the amplitude of the thermal waves which
are produced by scattering of the incident compressional
wave and, second, the distance between particles compared
with the decay distance of the thermal waves. The first deter-
mines the energy lost by the initial conversion into the ther-
mal mode, and hence the limit of the energy which can be
retrieved by reconverting those thermal wave back into the
compressional wave mode. This term varies with kTa, and
the energy lost into the thermal mode reaches a maximum at
ReðkTaÞ 	 1. The second factor affects the amplitude of the
thermal mode when it arrives at a neighboring particle, as a
proportion of its amplitude at the initial scattering particle.
As frequency decreases, the decay distance increases, so that
the amplitude of the thermal wave which reaches a neighbor-
ing particle is a greater proportion of its amplitude at the
scattering particle. The results show that the maximum
reduction in attenuation occurs at ReðkTaÞ 	 1 independent
of concentration and radius, but that the concentration and
radius (which affect the interparticle distance) influences the
magnitude of the reduction in the attenuation.
The results presented above have shown the frequency
dependence of the effective speed and attenuation due to the
additional thermo-elastic multiple scattering contributions
over four decades of frequency. This enabled the dependence
to be established at the limits of long or short thermal wave-
length, and the criteria for maximum effect on attenuation
and speed to be identified. However, a typical experimental
study is likely to adopt a much more limited frequency
range; hence the effects on speed and attenuation are now
presented for a typical measurement frequency range, and
for various emulsion concentrations. Figure 5 shows the
effective speed and attenuation for the bromohexadecane
emulsion at various concentrations, up to 40MHz (using a
linear frequency scale). No significant change in effective
speed (i.e., more than 0.5ms1 difference) is observed above
8MHz in any case, and at 20% the effect is only significant
below 4MHz. Hence, it is only in the region below
ReðkTaÞ 	 1 (i.e., 5MHz) that significant effects on the
speed are seen. The biggest change in speed in this system is
6.2ms1 for the 40%v/v emulsion at the low frequency
limit.
The effective attenuation [Fig. 5(b)] is reduced by the
additional thermo-elastic scattering contributions, as
observed previously, with an increasing effect at higher con-
centrations. At 10%v/v no significant difference is observed,
whereas at 40%v/v a significant difference can be seen.
Although difficult to see on this plot, the maximum reduc-
tion in attenuation due to the additional scattering terms
occurs at the condition ReðkTaÞ ¼ 1:4 (which is at a fre-
quency of 8.9 MHz), as seen previously. At 40%v/v, the
FIG. 3. Effective speed and attenuation as a function of frequency for a
30%v/v bromohexadecane-in-water emulsion with a particle radius of
0.1 lm at 25 
C. The lines show the results with the additional contributions
of thermo-elastic multiple scattering (solid line for speed, dashed line for
attenuation), whereas the symbols show the result of the standard multiple
scattering formula (diamonds for speed, triangles for attenuation).
FIG. 4. The reduction in effective attenuation due to the additional thermo-
elastic multiple scattering effects as a function of ReðkTaÞ for a bromohexa-
decane-in-water emulsion with a particle radius of 0.1 lm at 25 
C, for con-
centrations of 10%v/v (dotted line), 20%v/v (solid line), and 30%v/v
(dashed line), and for a radius of 0.5 lm at 30%v/v/ concentration (circles).
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maximum reduction in attenuation is 56 Npm1 on an
attenuation (with no additional scattering terms) of
327Npm1; this represents a substantial change in the pre-
dicted attenuation for the system.
The same data has also been plotted as a function
of concentration (volume fraction) at various frequencies
(Fig. 6). At 2 MHz, in the low frequency limit, where the
change in effective speed is greatest, it can be seen that the
speed increases, and that increase is greater at higher con-
centrations [Fig. 6(a)]. Although the effect looks small on
this scale, it has already been noted that the change in speed
is 6.2ms1 at 40%v/v at low frequency, which is easily de-
tectable experimentally. Figure 6(b) shows the effective
attenuation as a function of concentration at frequencies up
to the condition ReðkTaÞ ¼ 1:4; where the maximum reduc-
tion in attenuation occurs. Whereas the standard multiple
scattering formula predicts a near-linear dependence on con-
centration, the additional thermo-elastic multiple scattering
contributions introduce a significant second-order (in con-
centration) effect which causes a curved attenuation depend-
ence. The attenuation is strongly reduced at the higher
concentrations, with large deviations from the standard mul-
tiple scattering formula.
The shape of the curves is qualitatively similar to
reported experimental data for corn oil in water.9 In addition,
some preliminary comparisons of the model with published
experimental data has been reported by Pinfield.29 However,
a thorough validation of the model by comparison with ex-
perimental measurements is required.
IV. DISCUSSION
The question arises as to what frequency and concentra-
tion conditions produce a significant reduction in attenuation
due to these additional thermo-elastic scattering effects. The
effects had previously been considered in relation to the
decay length of the thermal waves compared with the aver-
age distance between particles. Thermal waves are consid-
ered only to make a significant impact on the exciting field
at neighboring particles when the thermal decay length
dT 	 1=Re kTð Þ ¼ kT
2p
¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
s
pqCpf
r
(27)
is greater than the interparticle distance
d 	 að/1=3  1Þ: (28)
Thus the condition was specified that dT > d, thus
Re kTað Þ < /
1=3
1 /1=3
  : (29)
What has been shown through the developments and calcula-
tions presented here, is that the magnitude of the reduction in
attenuation is a complicated function of frequency, through
kTa, which has a maximum at ReðkTaÞ 	 1:4, and that the
reduction is proportional to the square of concentration (since
FIG. 5. Effective speed and attenuation for frequencies up to 40 MHz for a
bromohexadecane-in-water emulsion with a particle radius of 0.1lm at
25 
C at various concentrations. The lines show the results with the addi-
tional contributions of thermo-elastic multiple scattering, whereas the sym-
bols show the result of the standard multiple scattering formula.
FIG. 6. Effective speed and attenuation against concentration for various
frequencies up to 10 MHz for a bromohexadecane-in-water emulsion with a
particle radius of 0.1 lm at 25 
C. The lines show the results with the addi-
tional contributions of thermo-elastic multiple scattering, whereas the sym-
bols show the result of the standard multiple scattering formula.
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it is a second-order scattering effect). It has also been estab-
lished (Fig. 4) that the reduction in attenuation is less when
the particle size is larger. Based on the thermal wavenumber
expression [Eq. (9)], the frequency can be written in terms of
particle size and kTa as
x ¼ kTað Þ
2v
a2
; (30)
where v is a factor which depends on the thermal properties
of the continuous phase. Hence, substituting in Eq. (26), the
reduction in attenuation can be written as
DCT að Þ ¼ kTað Þ
2v
a2
 ceff
2c2
Im DCT K
2
C=k
2
C
  
: (31)
Since DCTðK2C=k2CÞ and the effective speed are functions of
kTa, and DCTðK2C=k2CÞ is proportional to the square of con-
centration, the relationship can be simplified to give
DCT að Þ ¼ /
2
a2
F kTað Þ; (32)
where F is a function. Here, the dependence of the reduction
in attenuation on concentration and particle radius is
expressed explicitly, with all remaining functionality con-
tained with the function of kTa. The maximum reduction in
attenuation occurs at ReðkTaÞ 	 1:4, but the magnitude of
the effect is proportional to the square of concentration, and
inversely to the square of particle radius. These dependen-
cies are confirmed by the data shown in Fig. 4; a fivefold
increase in particle radius caused a 25-fold decrease in the
value of the attenuation reduction, and a threefold increase
in concentration resulted in a ninefold increase in the peak
attenuation reduction.
Since F is a complicated function of kTa (see for
instance Fig. 4), it is not straightforward to obtain a simple
expression defining when the reduction in attenuation
becomes significant. It is also noteworthy that the reduction
in attenuation is greatest at the condition ReðkTaÞ 	 1:4, and
decreases both at lower and higher frequencies. Although
the thermal decay length continues to become longer as the
frequency decreases, the amplitude of the thermal waves
decreases at lower frequencies [below ReðkTaÞ 	 1:4] so the
reduction in attenuation is less.
V. CONCLUSIONS
This paper has presented a mathematical model to cal-
culate the contribution to the effective compressional wave
speed and attenuation of thermo-elastic multiple scattering.
The additional contributions are caused by the scattering of
thermal waves that have been produced by scattering of the
compressional wave mode at nearby particles. The scattered
thermal waves are reconverted to the compressional mode,
thus contributing to the coherent compressional wave.
Starting from the multiple scattering model of Luppe
et al.,24 the dominant contributions to effective wavenumber
have been identified, and an analytical expression for the
modification to the effective wavenumber has been
established [Eq. (17)]. The solution for the boundary equa-
tion problem for either compressional or thermal incident
wave has been presented, together with analytical expres-
sions for the transition factors (scattering coefficients) for
thermal-compressional mode conversion and vice versa,
which are valid for long compressional wavelength [Eqs.
(18) and (21)].
Calculations for a bromohexadecane-in-water emulsion
showed that the effective wave speed is increased at the low
frequency limit by the additional thermal multiple scattering.
The effective attenuation is reduced by the thermal reconver-
sion, since energy lost to the thermal waves is retrieved by
conversion back into the compressional wave mode. The
reduction in attenuation has been shown to have a maximum
ReðkTaÞ 	 1:4, where the thermal wavelength is approxi-
mately twice the particle diameter; it is proportional to the
square of concentration and inversely proportional to the
square of the particle radius. Calculations showed that for a
small particle radius (0.1 lm), the attenuation was reduced
by as much as 56 Npm1 at 40%v/v.
The model remains to be validated against experimental
data, although some preliminary comparisons have been
made.29 In addition, comparison is needed with other mod-
els, such as the core-shell effective medium models.11,19
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